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Can a magnetic field in 1D be interesting?

In 2 or more dimensions:

      non-trivial loops

2

4 3

1

In 1 dimension:

 no loops with flux

21 3

unless we consider long-
range hopping with 
generic Peierls phases:

21 3
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Possible platforms

1. Cold atoms in optical lattices
 typically only nearest-neighbor hopping
 artificial gauge fields already exist in 2d lattices

2. Trapped ions
 linear arrangement
 long-range spin-spin 

interactions (mediated 
by phonons)

3. Cold atoms coupled to a
    nanophotonic fiber

 Long-range spin-spin interaction (mediated by photons)
 Not yet mature technology, 

but with the prospect of good scalability (>1000 atoms)
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Outline

1. Mapping: spin-flip interactions ↔ hopping

2. Model: XY chain with nearest and 
    next-to-nearest neighbor interactions

 Mapping onto triangular ladder
 Magnetic flux via complex interaction strength

     Results:
 Fractal energy spectrum
 Topological bands
 Topological many-body states

3. Realization of the model with ions or atoms
 Engineering interactions via periodic driving
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Mapping: Hopping ↔ XY model 

Hopping:

Spin flip:

For XY chain with nearest-neighbor 
interaction:

➔ Jordan-Wigner transformation: 
equivalence of spin flip model 
and free fermion model 

In the presence of interactions beyond nearest 
neighbors:

➔ Jordan-Wigner does not work
➔ Spin flips operators σ are bosonic
➔ Hard-core constraint: strong interactions
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XY model with magnetic fluxes

XY chain with NN and NNN interactions:

Mapping onto triangular ladder:
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XY model with magnetic fluxes

XY chain with NN and NNN interactions:

Mapping onto triangular ladder:
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Butterfly spectrum

Difference to Hofstadter model:

 Interactions: irrelevant for a single spin-flip

 Ladder instead of infinite square lattice
 Diagonal link 

Fractal energy spectrum?

System Result

En
er

gy

Magnetic flux

Fractal structure 
disappears for a square 

ladder structure.
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Butterfly spectrum

System Result

Finite system: N=30

Difference to Hofstadter model:

 Interactions: irrelevant for a single spin-flip

 Ladder instead of infinite square lattice
 Diagonal link 

Fractal energy spectrum?
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Butterfly spectrum

System Result

Finite system: N=50

Difference to Hofstadter model:

 Interactions: irrelevant for a single spin-flip

 Ladder instead of infinite square lattice
 Diagonal link 

Fractal energy spectrum?
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Butterfly spectrum

System Result

Finite system: N=100

Difference to Hofstadter model:

 Interactions: irrelevant for a single spin-flip

 Ladder instead of infinite square lattice
 Diagonal link 

Fractal energy spectrum?



Tobias Grass (ICFO) – Synthetic Quantum Magnetism (1/9/15 , Dresden)

Topological bands

System Edge states

For 100 spins with a single spin flip

Chern numbers (single-particle bands)
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Classification of topology

see also: A. Kitaev, AIP Conf. Proc. (2009)
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Classification of topology

Even dimension:
Quantum Hall 
systems

Odd dimension:
No topological 
phases without 
symmetries

see also: A. Kitaev, AIP Conf. Proc. (2009)
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Classification of topology

Even dimension:
Quantum Hall 
systems

Odd dimension:
No topological 
phases without 
symmetries

The familiy of 1D 
Hamiltonians H(θ) with  
periodic parameter θ 
(e.g. André-Aubry model)
are classified as the 
corresponding 2D model.
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Robustness of edge states
Edge states in central gap, for 102 spins and p/q=1/3

Left edge state

Right edge state



Tobias Grass (ICFO) – Synthetic Quantum Magnetism (1/9/15 , Dresden)

Robustness of edge states
Edge states in central gap, for 102 spins and p/q=1/3

Left edge state

Right edge state

Repulsive chemical potential at the right edge 
merge the right edge state with the bulk, 
for some θ.
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Bosonic Chern Insulator

Many-body Chern numbers

Winding with respect to 
twisted boundary 
conditions and phase Θ

Chern numbers (single-particle bands)

Small filling: Chern insulating behavior of 
bosons

Near half-filling: Trivial Mott insulator
(1 spin per rung)
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Periodic driving
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Periodic driving

XY model with 
“shaken” field

Gauge transform 
(Floquet basis)

Average over 
period T

Apply the shaking ideas to spin chains in order to modify the interaction parameter:

➔ Strength of J
➔ Sign of J
➔ Complex phase of J
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Periodic driving

XY model with 
“shaken” field

Gauge transform 
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period T
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Periodic driving
Apply the shaking ideas to spin chains in order to modify the interaction parameter:
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Summary
Idee:

 No loops with magnetic flux in short-ranged chains
 Long-range connections allow for loops with flux

Realization:
 Long-range spin chains, e.g. trapped ions or atoms coupled to nanophotonic devices
 Design of complex-valued interactions parameters via shaking

Results:
 Fractal energy spectrum
 Topological band structure
 Bosonic Chern insulator

Phys. Rev. A 91, 063612 (2015)
Tobias Grass, Christine Muschik, Alessio Celi, Ravindra Chhajlany, Maciej Lewenstein
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